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Approximate relat ions suitable for engineering' calculations a re  derived for determining the 
boundary of the core  when the p ressu re  gradient  is given, the boundary and width of the core  
when the volumetr ic  flow rate  is given, and the p res su re  losses.  

The axial flow of a v iscoplas t ic  fluid in the annular space between two coaxial cyl inders  has been 
investigated by a number of authors  [1-8]. The problem was f i r s t  solved by Volarovich and Gutkin in [1]. 
Analytical  express ions  were  obtained for the velocity profiles and for the volumetr ic  flow rate,  with a 
constant of integration. The calculation of the lat ter  required the solution of a t ranscendental  equation. 
For  the case in which the thickness of the gap is less than the radius of the inside cylinder the authors  
gave a f i r s t -approximat ion  relat ion for calculating the root  of the t ranscendental  equation. In [2] Shchipanov 
found the second approximation.  Elaborating their own work, Volarovich and Gutkin analyzed the boundary-  
layer  flow reg ime when the thickness of the flow zone is much smal le r  than the thickness of the core  [8]. 
For  the veloci ty profi les and volumetr ic  flow ra te  in this flow regime they obtained relat ions that a re  valid 
for  any ra t io  of tube radii. 

An approximate  re la t ion for the flow of fluid through an annular capi l lary  is given in [3] without 
derivation. The author does not indicate the l imits  of applicabili ty of his relation, but, if we a re  to judge 
f rom its form,  it was derived on the assumption of a smal l  core.  The flow problem for a viscoplast ic  fluid 
in an annular tube has been investigated by Mori and Ototake [4], but their solution is erroneous.  Laird 
[5] obtained a solution s imi la r  to that of Volarovich and Gutkin, emulating their method of solution. The 
complete express ion  that they obtained for the flow rate  is ra ther  cumbersome.  For  small  cores  they de-  
r ived an approximate  relation. Concurrent ly  with Laird,  Slibar and Pas lay  [6] analyzed the flow problem 
for  a viscoplast ic  fluid in an annular tube. Unlike [1, 5], in which ordinary  second-order  differential  equa- 
tions were integrated in o rder  to determine the velocity profile in the shear- f low domains, in [6] the au-  
thors  f i rs t  found a unified s h e a r - s t r e s s  distr ibution for the ent ire  annular gap. The veloci ty profiles in the 
shear - f low domains were then determined by integrat ion of the rheological  equation relating the shear  
s t r e s s  to the veloci ty gradient.  

F red r i ckson  and Bird [7] undertook the task of deriving a s impler  express ion for the volumetr ic  
flow rate  and presented their  solution in a compact  form,  using dimensionless  variables .  Their  paper 
includes exhaustive tables of values of the outside radius of the core  and the core  velocity for var ious  
ra t ios  of the cylinder radii  and core widths. The resul ts  of the calculations a re  also summar ized  in graphi -  
cal form.  An approximate relat ion was derived for smal l  cores.  

The principal difficulty in trying to solve the given problem lies in the determinat ion of the constant 
of integrat ion (core boundary) f rom the t ranscendental  equation when the p res su re  gradient  is given or, 
when the volumetr ic  flow ra te  is given, in the determinat ion of the core  boundary and core  width f rom a 
set  of two equations, one of which is t ranscendental  and the other is a four th-degree  a lgebraic  equation. 
The lack of analytical  express ions  for the roots  of the t ranscendental  equation and the set of equations 
great ly  impedes the analysis  of the solution. In par t icular ,  it is difficult to use the solution for the pro-  
cess ing of v i scos ime t r i c  data obtained by means of a capi l lary with coaxial tubes, or to obtain such an 
important  cha rac te r i s t i c  as the p res su re  losses  associa ted  with the axial flow of a v iscoplas t ic  fluid in an 
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Fig .  1. A b s o l u t e  e r r o r s  51 (a) and 5 2 (b) v e r s u s  t he  r e l a t i v e  
c o r e  width  [ .  1) n = 0.1; 2) 0.2; 3) 0.3; 4) 0.4; 5) 0.5. 

a n n u l a r  tube.  In s o m e  of the  p a p e r s  c i t ed  above  a p p r o x i m a t e  r e l a t i o n s  have  b e e n  ob ta ined  fo r  the  v o l u m e t r i c  
f low r a t e  u n d e r  c e r t a i n  c o n s t r a i n t s ,  m a i n l y  the  a s s u m p t i o n  of a n a r r o w  c o r e ,  but  in  none of t hose  p a p e r s  
has  the  e r r o r  of the  r e s u l t i n g  equa t ion  been  e s t i m a t e d .  

We now g ive  a p p r o x i m a t e  e x p r e s s i o n s ,  s u i t a b l e  fo r  e n g i n e e r i n g  c a l c u l a t i o n s ,  fo r  the  r o o t s  of the 
t r a n s c e n d e n t a l  equa t ion  and r o o t s  of the  c o m b i n e d  t r a n s c e n d e n t a l  and a l g e b r a i c  e qua t i ons ;  t h e s e  e x p r e s s i o n s  
a r e  v a l i d  f o r  a l l  c o r e  w id th s  and f o r  a wide  r a n g e  of  r a t i o s  of the  c y l i n d e r  r a d i i .  

1. Suppose  tha t  a v i s c o p l a s t i c  f lu id  wi th  a s h e a r  s t r e n g t h  ~'0 and p l a s t i c  v i s c o s i t y  p f lows  unde r  the  
a c t i o n  of a p r e s s u r e  g r a d i e n t  P = d p / d z  in  the a n n u l a r  gap  b e t w e e n  two c o a x i a l  c i r c u l a r  c y l i n d e r s  of r a d i u s  
R t and R 2 (R 1 < R2). W e  u s e  the  s o l u t i o n  ob ta ined  by  F r e d r i c k s o n a n d  B i r d  [7] a s  the  m o s t  c o m p a c t  and 
a m e n a b l e  to i n v e s t i g a t i o n .  The  d i m e n s i o n l e s s  v e l o c i t y  p r o f i l e s  v 1 and v 2 in  the  s h e a r - f l o w  d o m a i n s ,  the  
c o r e  v e l o c i t y  Vo, and the  v o l u m e t r i c  f low r a t e  Q a r e  e x p r e s s e d  by  the  r e l a t i o n s  

1 
v~ (p) = I~ (• - -  P) - -  -~- (p2 _ • -t- P2 (P2 - -  ~) In (p/• • -< p ~ p~, 

I ( 1 - - p . ) + p 2 ( p 2 - - ~ ) l n p ,  p2-<. p-< 1, v~(p) = ~(p - I) + ~- .. 

(1.1) 

(1.2) 

Vo (p) = v, (pO = v2 (p~), p~ ~< p --.< p~, (1.3) 

H e r e  

4 ( l + •  1 Q = ~R~P [ 1 - -  ~4 _ 292 (P2 - -  [~) (1 - -  • _ ~ ~ -  (2p; - -  ~)36]. (1.4) 

2bt r 2% R1 (1.5) 

The  o u t s i d e  and i n s i d e  r a d i i  P2 and p~ of the c o r e  a r e  r e l a t e d  by the equa t ion  

P2 - -  Pi = ~, ( 1 . 6 )  

i . e . ,  the  p a r a m e t e r / 3  e x p r e s s e s  the  d i m e n s i o n l e s s  wid th  of  the  c o r e .  If the  p r e s s u r e  g r a d i e n t  P i s  g iven ,  
then  the  p a r a m e t e r  13 i s  known, and fo r  the  c o m p l e t e  s o l u t i o n  of the  p r o b l e m  i t  i s  r e q u i r e d  to know the  ou t -  
s i d e  r a d i u s  P2 of the  c o r e .  The  l a t t e r  i s  d e t e r m i n e d  f r o m  the t r a n s c e n d e n t a l  equa t ion  

202(p2--~i) In P~--~ I + (13 -{- ~)~ -? 213 (I - -  p2) = o, (1.7) 
p2 ~ 

which is obtained from the condition of equal velocities at the boundaries of the core. We now find an ap- 
proximate expression for the roots of Eq. (1.7). 

It is clear from (1.5) that as T o --  0 the core width/3 tends to zero, and in the limit/3 = 0 (Newtouian 
fluid) we obtain from (1.7) 

1~0 = I / /~2  _ I V-E~-~. (1.8) 
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5~(n) of the  A b s o l u t e  E r r o r s  fo r  T A B L E  1. M a x i m u m  V a l u e s  
V a r i o u s  V a l u e s  of 

0 , l  
0,2 
0,3 

62 

0,399.10 -~ 
0,136,10 -~ 
0,522.10 -a 

0,4 
0,5 
0,6 

62 

0,203.10 -3 
0 ,745.10-a  
0,241.10 -~ 

0,7 
0,8 
0,9 

o 

4 

0,619.10 -~ 
0 ,102.10 -~ 
0,541-10 -r 

(X 0 i s  the  v a l u e  of P2 when  fl = 0). I t  i s  e x p e c t e d  tha t  fo r  s m a l l  fi the  v a l u e s  of tp~~ c a l c u l a t e d  a c c o r d i n g  to 
t he  r e l a t i o n  

(1.9) p?) = + 

should  be  c l o s e  to the  r o o t s  of the  t r a n s c e n d e n t a l  equa t ion  (1.7). C u r v e s  of the  a b s o l u t e  e r r o r  51 = P2 -/)2(0) 
a s  a func t ion  of the  d i m e n s i o n l e s s  r e l a t i v e  c o r e  width  ~ = f i / ( 1  - ~ )  a r e  g i v e n  in  F ig .  l a .  The  e x a c t  v a l u e s  
P2 of the  r o o t s  of (1.7) w e r e  found by  n u m e r i c a l  s o l u t i o n  on a c o m p u t e r .  The  r e l a t i v e  e r r o r  in  the d e t e r -  
ru ina t ion  of 02 a c c o r d i n g  to  Eq. (1.9) does  not e x c e e d  1% for  0 _< ~ _< 0.6 when  ~4 > 0.2, and when ~ > 0.6 
the  s a m e  i s  t r u e  fo r  a l l  v a l u e s  of the  c o r e  width .  

It i s  a p p a r e n t  f r o m  F ig .  l a  tha t  the  a b s o l u t e  e r r o r  c u r v e s  have  a p a r a b o l i c  s h a p e ,  p a s s i n g  t h r o u g h  
the  o r i g i n  and i n t e r c e p t i n g  the h o r i z o n t a l  a x i s  n e a r  the  poin t  ~ = 0.5. I t  i s  a l s o  a s i m p l e  m a t t e r  to d e t e r -  
m i n e  the  o r d i n a t e s  of the  po in t s  a t  wh ich  the  c u r v e s  t e r m i n a t e  fo r  ~ = 1. Thus ,  when  the  c o r e  wid th  ~ t e n d s  
to the  a n n u l a r  gap  wid th  1 - ~ ,  the  r a d i u s  P2 t ends  to  uni ty .  Deno t ing  the v a l u e s  of 51 a t  ~ = 1 by  cb<), we 
have  

1 -+-• ( t .10) c (• ~0 
2 

We now c o n s i d e r  the c u r v e s  d e t e r m i n e d  by  the e x p r e s s i o n  

( 1 + •  ~,o ) ~ (2~- -  I). 
Y =  2 

T h e s e  c u r v e s  a r e  p a r a b o l a s  p a s s i n g  t h r o u g h  the  po in t s  L = 0 and ~ -- 0.5 and a s s u m i n g  the v a l u e  y = c (x)  a t  
= 1. Consequen t l y ,  i f  we f o r m  the  e x p r e s s i o n  

P~ 1)=L0 + ~ - +  2 I - - •  

then the values of P2 determined f r om this express ion w i l l  be much c loser  to the roots of the transcendental 
equation (1.7) than those determined by Eq. (1.9). Curves of the absolute e r r o r s  62 = P2 - 020) for  var ious 
values of ~ are  given in Fig. lb .  The re la t i ve  e r r o r  in the calculat ion of the root of Eq. (1.7) according 
to Eq. (1.11) does not exceed 0.55% for  % = 0.1, 0.065% for  % = 0.3, or 0.009% for  ~ = 0.5. The max imum 
v a l u e s  6~(~) of the  a b s o l u t e  e r r o r s  fo r  v a r i o u s  v a l u e s  of % a r e  p r e s e n t e d  in Tab le  1. It i s  s e e n  f r o m  T a b l e  
1 tha t  a s  ~ i s  i n c r e a s e d  the  e r r o r  in  the  c a l c u l a t i o n  of P2 a c c o r d i n g  to  Eq. (1.11) f a l l s  off s h a r p l y .  The  
a c c u r a c y  wi th  w h i c h  P2 i s  d e t e r m i n e d  a c c o r d i n g  to (1.11) i s  fu l ly  a c c e p t a b l e  for  e n g i n e e r i n g  c a l c u l a t i o n s .  
The  s h a p e  of the  c u r v e s  in  F ig .  l b  s u g g e s t s  a f u r t h e r  r e f i n e m e n t  of Eq. (1.11). The  c u r v e s  in  F ig .  ! b  p a s s  
t h r o u g h  the po in ts  ~ = 0 and ~ = 1 and have  m a x i m a  a t  po in t s  w h o s e  a b s c i s s a s  a r e  c l o s e  to ~* = 0.62. T h e s e  
c u r v e s  can  be  a p p r o x i m a t e d  by a p o l y n o m i a l  of the  f o r m  

y~ = 5~ (• (a~U + b~ ~ + q~ + d~). (1.12) 

The  c o n s t a n t s  a l ,  bi ,  c l ,  and d 1 can  be  d e t e r m i n e d  f r o m  the  cond i t i ons  

g l = O  for ~ : O a n d ~ =  1; dgl ~---0 for ~ -  ~*; /11 = 52(• for ~ =~* .  a~ (i. i 3) 

Using  t h e s e  cond i t i ons ,  we ob t a in  a~ = - 4 . 3 2 4 ,  b t = 2.760,  c 1 = 1.564, and d 1 = 0. I t  i s  s e e n  f r o m  T a b l e  1 
tha t  the  func t ion  5~(~) has  a n  e x p o n e n t i a l - t y p e  b e h a v i o r .  F o r  the  i n t e r v a l  0.1 _< vt -~ 0.5,  in  which  i t  i s  
m e a n i n g f u l  to u s e  the  m o r e  a c c u r a t e  e x p r e s s i o n  fo r  P2, the func t ion  5~(z4) i s  a d e q u a t e l y  d e s c r i b e d  by  the 
e x p r e s s i o n  

62(• 0.0127 exp (4,176• 2 -  12.016• 
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F ig .  2. A b s o l u t e  e r r o r  53 v s  ~0. 
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F ig .  3. R e l a t i v e  c o r e  wid th  vs  l o g I .  1) ~r = 0.1; 2) 0.9. 

I n j ec t i ng  the  c o r r e c t i o n  (1.12) in to  e x p r e s s i o n  (1.11), we ob ta in  

I~ 1 + - ~  3. 0 . . . .  1 

+ 0.0'27 (4A76•215 3 ~ 2 exp + 2 , 7 6 0 ( 1 ~  ) + 1 , 5 6 4 ( 1 - L )  ] �9 (1.14) 

In the  d e t e r m i n a t i o n  of P2 a c c o r d i n g  to Eq. (1.14) the  r e l a t i v e  e r r o r  does  not  e x c e e d  0.1% for  x = 0.1, 0.015% 
fo r  x = 0.3,  o r  0.0015% f o r  ~ = 0.5. Equa t ion  (1.14) g i v e s  good r e s u l t s  fo r  s m a l l e r  v a l u e s  of x a s  wel l .  
F o r  e x a m p l e ,  the  r e l a t i v e  e r r o r  i s  not  g r e a t e r  than  1% for  x = 0.02. 

2. When  the  v o l u m e t r i c  f low i s  g iven ,  bo th  the c o r e  b o u n d a r y  and the  c o r e  wid th  fi ( p r e s s u r e  g r ad i en t )  
a r e  unknown q u a n t i t i e s .  T h e i r  d e t e r m i n a t i o n  r e q u i r e s  the  s i m u l t a n e o u s  s o l u t i o n  of  the  s e t  of equa t ions  
(1.4) and (1.7). We  t r a n s f o r m  the  f low e x p r e s s i o n  (1.4). We  r e p l a c e  P in  a c c o r d a n c e  wi th  (1.5), and the  
v o l u m e t r i c  f low r a t e  by  the  e x p r e s s i o n  Q = ~RI(1 - x 2 ) V a v .  As  a r e s u l t ,  Eq. (1.4) i s  t r a n s f o r m e d  to the  
fo l lowing :  

1 4(1 _ •  ~ = O. (2.1) 
1 - -  • __ 2p 2 (p., __ ~) ( 1 - -  • __ (1 + • ~ + 3 -  (2p2 - -  ~)3 ~ I 

F o r  a f ixed  g e o m e t r y  of the  a n n u l a r  tube  the  s o l u t i o n  de pe nds  on the one d i m e n s i o n l e s s  c o m p l e x  I. 
A s  I -~ 0 we  have  in  the  l i m i t  the  c a s e  of a Newton ian  f lu id  flow. The  s o l u t i o n  of Eq. (2.1) in  th i s  c a s e  i s  fl 
= 0, and the  s o l u t i o n  of Eq. (1.7) i s  P2 = X0. It i s  e a s i l y  v e r i f i e d  tha t  in  the  o t h e r  l i m i t i n g  c a s e ,  when  I 

~o the  s e t  of equa t i ons  (1.7) and (2.1) has  the  s o l u t i o n  fi = 1 - x ,  P2 = 1, i . e . ,  a s  I ~ ~ (Vav ~ 0) the  
c o r e  wid th  t ends  to the  wid th  of the  a n n u l a r  gap ,  and the  ou t s i de  r a d i u s  of the  c o r e  t ends  to the  r a d i u s  
of the  o u t s i d e  c y l i n d e r .  Consequen t l y ,  a s  I v a r i e s  f r o m  0 to oo the  c o r e  wid th  v a r i e s  f r o m  z e r o  to the  wid th  
of the  a n n u l a r  gap.  

Next  we  d e t e r m i n e  a p p r o x i m a t e l y  the  r o o t s  of the  s e t  of equa t ions  c o m p r i s i n g  (1.7) and (2.1). As  
shown a b o v e ,  e x p r e s s i o n  (1.11) y i e l d s ,  wi th  good a c c u r a c y ,  the  r e l a t i o n s h i p  b e t w e e n  P2 and ft. If we r e p l a c e  
P2 in  (2.1) in  a c c o r d a n c e  wi th  (1.11), in  p l a c e  of the  s y s t e m  of one t r a n s c e n d e n t a l  and one a l g e b r a i c  e q u a -  
t i on  we ob ta in  one s e v e n t h - d e g r e e  a l g e b r a i c  equa t ion  in  ft. It  can  be  s o l v e d  by  n u m e r i c a l  m e t h o d s .  Th i s  
a p p r o a c h  can  be  used  wi th  r e a s o n a b l e  a c c u r a c y  to ob t a in  fl and then,  f r o m  Eq. (1.11), P2. The r e l a t i v e  
e r r o r  in  the d e t e r m i n a t i o n  of fi fo r  a l l  v a l u e s  of I in  th i s  c a s e  i s  a t  m o s t  0.8% f o r  ~ = 0.1 o r  0.08% fo r  x 
= 0.5. The  r e l a t i v e  e r r o r  in  the  d e t e r m i n a t i o n  of P2 a c c o r d i n g  to (1.11) on the  b a s i s  of the  v a l u e  found fo r  fi 
i s  even  s m a l l e r .  S t i l l  g r e a t e r  a c c u r a c y  can  be  ob ta ined  by  us ing  e x p r e s s i o n  (1.14). The d e t e r m i n a t i o n  of  
the  r o o t s  of Eq. (2.1) i s  f a r  s i m p l e r  than  the  d e t e r m i n a t i o n  of the  r o o t s  of t h e  s e t  of equa t ions ,  but  s i z a b l e  
d i f f i c u l t i e s  a r e  n e v e r t h e l e s s  e n c o u n t e r e d .  W e  t h e r e f o r e  s e t  o u r s e l v e s  the  goa l  of f ind ing  an  e x p l i c i t  e x -  
p r e s s i o n  fo r  the  r o o t s  of the  s e t  of equa t i ons  in  t e r m s  of the  p a r a m e t e r s  x and I. We  s u b s t i t u t e  the  f o l -  
l owing  e x p r e s s i o n ,  r a t h e r  than  (1.11), in  p l a c e  of P2 in  Eq. (2.1): 

(2.2) P2 = ;% + ~ -  + c, 
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w h e r e  e i s  d e t e r m i n e d  a c c o r d i n g  to (1.10) (we d r o p  the  a r g u m e n t  ~ fo r  n o t a t i o n a l  s i m p l i c i t y ) .  
s u b s t i t u t i o n  Eq. (2.1) goes  o v e r  to the  q u a d r a t i c  equa t ion  

A8 ~ - -  4B~ q- C =- 0, 

w h e r e  

Wi th  th i s  

(2.3) 

A - = ~ ; B = I - - •  l q - •  2 (~oq-C) a q  1 - - n ~  
2 3 3 I 

; C =  (1 ~ •  [1 + •  +c)~].  

The  s o l u t i o n  of Eq. (2.3) y i e l d s  the  fo l lowing  z e r o t h  a p p r o x i m a t i o n  fo r  fi: 

8 o  = 2 B  - -  ]/ 4B2-- AC (2.4) 
A 

The  m i n u s  s i g n  i s  c h o s e n  to  g u a r a n t e e  tha t  fi ~ 0 a s  I ~ 0. I t  i s  e a s i l y  v e r i f i e d  tha t  fi0 ~ 1 - ~ a s  I ~ r 
Th i s  r e s u l t  i s  a c o n s e q u e n c e  of the  f ac t  tha t  fo r  fl = 1 - ~ ,  a c c o r d i n g  to (2.2), P2 = 1, i . e . ,  fi and P2 a r e  
equa l  to the  e x a c t  v a l u e s  of the  r o o t s  of the  s e t  of Eqs .  (1.7) and (2.1) when I = r162 

It i s  r e a d i l y  shown tha t  a s  I ~ 0 the quan t i t y  fl0 a l s o  t ends  to z e r o ,  i . e . ,  to the  e x a c t  v a l u e  of the  roo t .  
R e c o g n i z i n g  tha t  B ~ ~ a s  I ~ 0, we r e p r e s e n t  the  s q u a r e  r o o t  in  (2.4) a s  fo l lows :  

2 B V 1  AC - - 2 B ( 1 - -  A__~C q_. .  ) 
4B 2 8B 2 �9 . 

Using  th i s  e x p r e s s i o n ,  we ob t a in  

C 
~0 ~ - - ~  

4B 
3 (1 - - •  [1 + x ~ - - 2 ( ~ o  q-c)Z]I 

413 (1--- • + ( 1  + ~ ) i  - - 2 ( ) ~ o + c )  3 I] �9 " 
(2.5) 

Hence  i t  i s  c l e a r  t ha t  a s  I ~ 0 the  q u a n t i t y  fi0 a l s o  t ends  to ze ro .  T h e r e f o r e ,  we a r r i v e  a t  the  c o n c l u s i o n  
tha t  a s  I i n c r e a s e s  f r o m  0 to ~ the  a p p r o x i m a t e  v a l u e  fi0 i n c r e a s e s  f r o m  0 to I - ~ ,  i . e . ,  v a r i e s  in  the  
s a m e  i n t e r v a l  a s  the  e x a c t  v a l u e  ft. A t  the  e n d - p o i n t s  of the  i n t e r v a l  the  a p p r o x i m a t e  v a l u e  fi0 ob ta ined  
a c c o r d i n g  to Eq. (2.4) c o i n c i d e s  wi th  the  e x a c t  va lue ,  i . e . ,  the  a b s o l u t e  e r r o r  i s  z e r o  a t  the e n d - p o i n t s  of 
the  i n t e r v a l .  C u r v e s  of the a b s o l u t e  e r r o r  53 = p - r i o  a s  a func t ion  of ~0 = r io/(1 - ~ )  fo r  s e v e r a l  v a l u e s  
of ~ a r e  shown in F ig .  2. T h e s e  c u r v e s  have  one s t r i k i n g  a t t r i b u t e :  t h e i r  m a x i m a  a r e  l o c a t e d  a t  po in ts  
w h o s e  a b s c i s s a s  a r e  c l o s e  to ~0 = 0.47. Th i s  f ac t  f a c i l i t a t e s  the  cho i ce  of a p p r o x i m a t i n g  funct ion .  We s e e k  
i t  in the  f o r m  

Yz = m (• (~4 _~ a2~oa _~ b2~0 ~ + c~o + d~), (2.6) 

H e r e  re(n)  r e p r e s e n t s  the v a l u e s  of the  m a x i m a  of the  c u r v e s .  The  func t ion  m(>r i s  we l l  a p p r o x i m a t e d  
by  the  e x p r e s s i o n  

m(• = [0,088 + 0,0 35 (1 - -  • (I ~•  (2.7) 

The  c o n s t a n t s  a2, b2, c2~ and d 2 a r e  d e t e r m i n e d  f r o m  the cond i t ions  

g . ~ O  for ~o=Oand~0= I; g~=-m(• for ~o=0.47;  g ~ = O  for ~0=0.47.  

Us ing  t h e s e  c o n d i t i o n s ,  we found a 2 = - 0 . 9 7 3 ,  b 2 = - 4 . 2 7 5 ,  c 2 = 4.248,  and d 2 = O. Wi th  the  c o r r e c t i o n  Y2 
we  ob t a in  the  fo l lowing  a p p r o x i m a t e  equa t ion  f o r  fi: 

8~ = 8o § [0.088 § 0.035(I - -  • (1 - -  z) [ ~ - -  0.973 ~.~-- 4.275 ~ + 4.248 G). (2.8) 

The  r e l a t i v e  e r r o r  (/3 - P l ) / f i  in  the  d e t e r m i n a t i o n  of f l  a c c o r d i n g  to Eq. (2.8) i s  a t  m o s t  1% f o r  a l l  v~ > 0.1 
and ~0 > 0.2,  and a s  ~0 i s  i n c r e a s e d  (as I i s  i n c r e a s e d )  the  a c c u r a c y  i m p r o v e s .  F o r  e x a m p l e ,  when  ~ > 0.4 
~0 > 0.5, the  r e l a t i v e  e r r o r  does  not  e x c e e d  0.1%. Wi th  a r e d u c t i o n  in  ~0 the  r e l a t i v e  e r r o r  i n c r e a s e s ,  a t -  
t a i n ing  f r o m  2.5% to 3.5% a s  ~0 ~ 0 f o r  v a r i o u s  v a l u e s  of w g r e a t e r  than  0.1. 

We now d e d u c e  an  a p p r o x i m a t e  equa t ion  tha t  should  g ive  b e t t e r  r e s u l t s  than  Eq. (2.8) fo r  s m a l l  [0. 
To do so  we need to c h o o s e  an  a p p r o x i m a t i n g  func t ion  tha t  w i l l  b e t t e r  d e s c r i b e  the  c u r v e s  of F ig .  2 n e a r  
the  o r ig in .  We can  e a s i l y  f ind the  a n g u l a r  c o e f f i c i e n t  of the  t angen t s  to the c u r v e s  t h rough  the o r i g in .  We 
have  

d68 - -  d ( ~ - - 8 ~ 2 1 5  ( d _ ~ _ ~ - - i ) ( 1 - - •  (2.9) 
d~o d~0 dSo 
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F o r  s m a l l  va lues  of I the quant i ty  fl0 d e c r e a s e s  with I in  a c c o r d a n c e  with (2.5). The c h a r a c t e r  of the d e -  
c r e a s e  of the exac t  va lue  of fi with I can  be d e t e r m i n e d  with the help of Eq. {2.1). It is  c l e a r  f r o m  this  
equa t ion  that  fo r  s m a l l  I the va lue  of fi is  of the o r d e r  I. In Eq. (2.1) we r e p l a c e  P2 by e x p r e s s i o n  (1.9), 
which  is val id  f o r  smal l /3 .  R e j e c t i n g  s e c o n d -  and h i g h e r - o r d e r  sma l l  t e r m s  in Eq. (2.1), we obtain  

1 
~ T ( I + • 1 7 6  2) I . ( 2 .10 )  

A c c o r d i n g  to (2.10) and (2.5), we have in the l imi t  as  I ~ 0 

d~ 1 + • - -  2~o 2 
d~o - - I + •  ~" 

Subst i tut ing this  e x p r e s s i o n  for  the de r iva t ive  into (2.9) and denot ing the angu la r  coef f ic ien t  of the tangents  
to the c u r v e s  a t  ~0 = 0 by n(~),  we obta in  

n (u) = 2c (2~~ + c) (1 - -  • {2.11) 
1 + u 2 - -  2(~0 + c) ~" 

F o r  the ini t ia l  s e g m e n t s  of  the c u r v e s  we seek  the a p p r o x i m a t i n g  funct ion in the f o r m  

3 Ya = m (• (tho + aat~ + ba~o +cato 2 + d,~ o +e,). (2.12) 

We d e t e r m i n e  the cons t an t s  a3, ba, ca, d3, and e 3 f r o m  the condi t ions  

Ya = 0 for ~o = Oandto = 1; Ya = m (• 
t 

9 3 = 0  for ~oo ----- 0.47; 93=n(x)  for t o = O .  

Using  these  condi t ions ,  we f ina l ly  obtain  

~1 = 6o + m (~) ~] (~ + 18.291 t0 ~ - -  37.119 to + 17.829) + n (• to (--  4.527 ~02 + 8.782 t0 - -  5.255). (2.13) 

In  the ca lcu la t ion  of fl a c c o r d i n g  to Eq. (2.13) the r e l a t i v e  e r r o r  fo r  x > 0.1 is a t  m o s t  1% fo r  al l  
va lue s  of I. But this  equa t ion  m u s t  be used  for  ~0 < 0.2, w h e r e a s  fo r  ~0 > 0.2 i t  is  r e q u i r e d  to use  Eq. 
(2.8), b e c a u s e  it  is  s i m p l e r  than (2.13) and a f fo rds  g r e a t e r  a c c u r a c y  than (2.13) for  l a r g e  ~0. 

Consequent ly ,  we p r o p o s e  the fol lowing p r o g r a m  fo r  f inding the r o o t s  of the se t  of Eqs.  (1.7) and 
(2.1). F o r  a g iven  va lue  of I de te rmine/30  a c c o r d i n g  to Eq. (2.4). If  ~0 > 0.2, ca l cu la t e  fl a c c o r d i n g  to Eq. 
(2.8), but  if fi < 0.2, then a c c o r d i n g  to Eq. (2.13). Once fi has  been  found, ca l cu la t e  P2 a c c o r d i n g  to Eq. 
(1.11). The a c c u r a c y  in this  d e t e r m i n a t i o n  of Pz is h igher  than the a c c u r a c y  in the d e t e r m i n a t i o n  of ft. 
F o r  ~r > 0.3, fo r  example ,  the r e l a t i v e  e r r o r  is a t  m o s t  0.1% for  al l  va lues  of I. 

3. The r e l a t ions  obtained in the p reced ing  sec t ion  r ead i ly  enable  us to d e t e r m i n e  the p r e s s u r e  
l o s s e s  in  the flow of a v i s c o p l a s t i c  fluid in an  annu la r  tube. A c c o r d i n g  to (1.5), we obtain  the fol lowing 
e x p r e s s i o n  for  the p r e s s u r e  d rop  per  uni t  length of the tube: 

d p  2% (3.1) 
dz R$~ 

It fol lows f r o m  (3.1) that  the d e t e r m i n a t i o n  of the p r e s s u r e  g rad ien t  r e d u c e s  to the de t e rmina t i on  
of the c o r e  width ft. If the v o l u m e t r i c  f low r a t e  is given,  we can  d e t e r m i n e  the I I ' y u s h i n  p a r a m e t e r  I. 
F r o m  the known value  of I the c o r e  width fi is  d e t e r m i n e d  a c c o r d i n g  to Eq. (2.8) or  (2.13), and the p r e s -  
s u r e  g r ad i en t  a c c o r d i n g  to Eq. (3.1). If the p r e s s u r e  g rad ien t  has  been  found, i t  is  a s t r a i g h t f o r w a r d  t a sk  
to d e t e r m i n e  the p r e s s u r e  l o s s e s  in a tube sec t ion  of length L. Curves  of the d i m e n s i o n l e s s  r e l a t i ve  c o r e  
width as  a funct ion  of the l o g a r i t h m  of I fo r  z f r o m  0.1 to 0.9 in s teps  of 0.1 a r e  shown in Fig.  3. 

r ,  z 

R1, R 2 
P 
P = d p / d z  

7o 

N O T A T I O N  

a r e  the cy l ind r i ca l  coo rd ina t e s ;  
a r e  the ins ide  and outs ide  rad i i  of the cy l i nde r s ;  
is the p r e s s u r e ;  
is the p r e s s u r e  g rad ien t ;  
is the p las t ic  v i s c o s i t y ;  
is the s h e a r  s t r eng th ;  

7 ~  



v = (2bt/pR2)Vz 
p = r / R  2 
Pl, P2 

= R 1 / R  2 
fl = 2~-0/PR 2 
I = R2-r0/~tVav 
Vav 

is  the d imens ion less  veloci ty;  
is  the d imens ion less  rad ia l  coordinate;  
a r e  the d imens ion less  core  boundar ies ;  
is the ra t io  of the cyl inder  radii ;  
is the d imens ion less  p a r a m e t e r  (core width); 
is  the I I 'yushin  d imens ion les s  p a r a m e t e r ;  
is the a v e r a g e  ve loc i ty  over  the tube c r o s s  section.  

I~ 
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